In this work, we initiate the study of fuzzy bi-ideals under t-norms (T-fuzzy bi-ideals) in semirings and investigate some properties of them. Also we define prime, strongly prime, semiprime, irreducible, strongly irreducible T-fuzzy bi-ideals of semirings. Next we investigate them under regular and intra-regular semirings. Finally, we characterize them under totally ordered by inclusion of T-fuzzy bi-ideals of semirings.
Introduction
In abstract algebra, a semiring is an algebraic structure similar to a ring, but without the requirement that each element must have an additive inverse. The term rig is also used occasionally this originated as a joke, suggesting that rigs are rings without negative elements, similar to using rng to mean a ring without a multiplicative identity. Von Neumann regular rings were introduced by von Neumann (1936) under the name of "regular rings", during his study of von Neumann algebras and continuous geometry. In classical set theory, the membership of elements in a set is assessed in binary terms according to a bivalent condition an element either belongs or does not belong to the set. The fuzzy set theory, which is regarded as an extension the ordinary set theory, originated with Zadeh [36] . By contrast, fuzzy set theory permits the gradual assessment of the membership of elements in a set; this is described with the aid of a membership function valued in the real unit interval [0, 1] . Fuzzy sets generalize classical sets, since and sum and product of two T-fuzzy bi-ideals of semiring R is also T-fuzzy bi-ideal of semiring R. Also we investigate conditions between T-fuzzy bi-ideals and bi-ideals of semiring R. In Section 4, we introduce prime, strongly prime, semiprime, irreducible, strongly irreducible T-fuzzy bi-ideals of semiring R and we prove that every strongly prime T-fuzzy bi-ideal, is a prime T-fuzzy bi-ideal, every prime T-fuzzy bi-ideal, is a semiprime T-fuzzy bi-ideal and every strongly irreducible semiprime T-fuzzy bi-ideal, is a strongly prime T-fuzzy bi-ideal of R. Also we obtain some results about them if R be a regular and intra-regular semiring. Next, if R be totally ordered by inclusion, then we characterize irreducible T-fuzzy bi-ideals and strongly irreducible T-fuzzy bi-ideals of semiring R.
Preliminaries
Definition 2.1 (See [6] ). A semiring is a set R equipped with two binary operations + and ⋅, called addition and multiplication, such that:
is a commutative monoid with identity element 0: 
The symbol ⋅ is usually omitted from the notation; that is, b a ⋅ is just written ab.
Similarly, an order of operations is accepted, according to which ⋅ is applied before +; that is, bc a + is ( ).
bc a +
A commutative semiring is one whose multiplication is commutative.
Throughout this paper, R stands for the semiring ( )
with an identity element R 1 and zero element . 0 R Example 2.2. By definition, any ring is also a semiring. A motivating example of a semiring is the set of natural numbers N (including zero) under ordinary addition and multiplication. Likewise, the non-negative rational numbers and the non-negative real numbers form semirings. All these semirings are commutative.
Definition 2.3 (See [13]). A non-empty subset B of a semiring
, and . R r ∈ Definition 2.4 (See [35, 34] Definition 2.5 (See [33] ). A (non-strict) partial order is a binary relation ≤ over a set P satisfying particular axioms which are discussed below. When , b a ≤ we say that a is related to b. (This does not imply that b is also related to a, because the relation need not be symmetric.)
The axioms for a non-strict partial order state that the relation ≤ is reflexive, antisymmetric, and transitive. That is, for all , , , P c b a ∈ it must satisfy:
(1) a a ≤ (reflexivity: every element is related to itself). In other words, a partial order is an antisymmetric preorder. A set with a partial order is called a partially ordered set (also called a poset). The term ordered set is sometimes also used, as long as it is clear from the context that no other kind of order is meant. In particular, totally ordered sets can also be referred to as "ordered sets", especially in areas where these structures are more common than posets. (1) The real numbers ordered by the standard less-than-or-equal relation . ≤ (2) The set of subsets of a given set (its power set) ordered by inclusion. Similarly, the set of sequences ordered by subsequence, and the set of strings ordered by substring. Bi- (4) The vertex set of a directed acyclic graph ordered by reachability.
T-fuzzy

Definition 2.7 (See [8])
. A lattice is an abstract structure studied in the mathematical sub-disciplines of order theory and abstract algebra. It consists of a partially ordered set in which every two elements have a unique supremum (also called a least upper bound or join) and a unique infimum (also called a greatest lower bound or meet). An example is given by the natural numbers, partially ordered by divisibility, for which the unique supremum is the least common multiple and the unique infimum is the greatest common divisor. Lattices can also be characterized as algebraic structures satisfying certain axiomatic identities. Since the two definitions are equivalent, lattice theory draws on both order theory and universal algebra. Semilattices include lattices, which in turn include Heyting and Boolean algebras. These "lattice-like" structures all admit order- 
the following four properties: The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest t-norm: Bi- 
the set of all fuzzy bi-ideals of R under t-norm T by
T-fuzzy bi-ideal of semiring R.
then µ will be a T-fuzzy bi-ideal of semiring R.
Definition 3.3. Let µ and ν be two T-fuzzy bi-ideals of semiring R.
2) The sum of µ and ν is a fuzzy subset
3) The product of µ and ν is a fuzzy subset 
Proof. (1) Let µ is a T-fuzzy bi-ideal of semiring R.
, and then
and so .
and then
and so . µ ο µ ο µ ≥ µ R Conversely, we prove that µ is a T-fuzzy bi-ideal of semiring R. Bi- 
Thus µ will be a T-fuzzy bi-ideal of semiring R. , and
.
Conversely, assume that B µ is a T-fuzzy bi-ideal of R and
, and ∈ Therefore B is a bi-ideal of a semiring R.
(3) Let µ and ν be two T-fuzzy bi-ideals of semiring R and .
(by Lemma 2.12)
(by Lemma 2.12) (
and then . 
Thus
. (1) µ is called a prime T-fuzzy bi-ideal if for any T-fuzzy bi-ideals
(5) µ is said to be an irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals β α, of 
to be a strongly irreducible T-fuzzy bi-ideal if for any T-fuzzy bi-ideals
β α, of R, if , µ ≤ β α ∧ then µ ≤ α or . µ ≤ β
(1) Every strongly prime T-fuzzy bi-ideal of a semiring R is a prime T-fuzzy bi-ideal of R.
(2) Every prime T-fuzzy bi-ideal of a semiring R is a semiprime T-fuzzy bi-ideal of R.
(3) The intersection of any family of prime T-fuzzy bi-ideals of a semiring R is a semiprime T-fuzzy bi-ideal of R. (4) Every strongly irreducible semiprime T-fuzzy bi-ideal of a semiring R is a strongly prime T-fuzzy bi-ideal of R.
Proof. Let β α µ , , be T-fuzzy bi-ideals of semiring R.
(1) Let µ be strongly prime T-fuzzy bi-ideal and ,
This implies that µ is prime T-fuzzy bi-ideal.
(2) Let µ be prime T-fuzzy bi-ideal and .
and then µ is semiprime T-fuzzy bi-ideal. )
Hence, µ is a strongly prime T-fuzzy. 
be any totally ordered subset of P. Now we prove that
and as i h is T-fuzzy bi-ideal of a semiring R, then 
which is a contradiction to the fact that ( ) ( ) ( ) . 
Also as µ is T-fuzzy bi-ideal µ of R so by Proposition 3.5(part 1) we get 
Corollary 4.6. Let R be a regular and intra-regular semiring. If the set of T-fuzzy biideals of R is totally ordered by inclusion. Then each T-fuzzy bi-ideal of a semiring R is a strongly prime T-fuzzy bi-ideal of R.
Proof. Let α, β, µ be three T-fuzzy bi-ideals of R. We prove that µ will be a strongly prime T-fuzzy bi-ideal of R. Since the set of T-fuzzy bi-ideals of R is totally ordered by inclusion, 
Corollary 4.7. Let R be a regular and intra-regular semiring. If the set of T-fuzzy biideals of R is totally ordered by inclusion, then each T-fuzzy bi-ideal of a semiring R is a prime T-fuzzy bi-ideal of R.
Proof. Let α, β, µ be three T-fuzzy bi-ideals of R. We prove that µ will be a prime T-
